The Lifetime Asymmetry of Polarized Muons in Flight 
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Based on the parity violation in Standard Model, we study the dependence of the lifetime on 
the polarization of an initial-state fermion in weak interactions. The fermion lifetime was usually 
calculated in terms of spin states. However, after comparing spin states with helicity states and 
chirality states, it is pointed out that a spin state is helicity degenerate, and the spin state and 
the helicity state are entirely different. Using helicity states, we calculate the lifetime of polarized 
muons. The result shows that the lifetime of right-handed polarized muons is always greater than 
that of left-handed polarized muons with the same speed in flight. 
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I. INTRODUCTION 

In virtue of parity violation the experiments have 
shown that all fermions emitted from decay processes 
are longitudinally polarized. It is well known that neu- 
trinos are left-handed (LH) polarized while antincutrinos 
are right-handed (RH) polarized. In beta or muon de- 
cays it is found that electrons are LH polarized while 
positrons are RH polarized. I^'^l Based on these experi- 
mental facts, naturally, it is thought that not only the 
final-state fermions, but also the initial-state fermion 
should reveal the feature of longitudinal polarization in 
weak interactions. So we could further consider that the 
lifetime of fermions in the LH helicity state and that in 
the RH helicity state should be different. Namely, the 
lifetime asymmetry should exist in left-right handed po- 
larized fermions. However, the experimental and theo- 
retical study on the polarization or helicity of the initial 
fermions in decays has not yet been discussed fully in 
the literature. In a previous paper^'^l we have given a 
first discussion of the problem on lifetime asymmetry. In 
this paper we continue the study of this issue. The dif- 
ferences among spin states, helicity states and chirality 
states are emphasized and the lifetime asymmetry of po- 
larized muons will be calculated concretely. 



II. THE CHARGED WEAK CURRENTS 
IN THE STANDARD MODEL 

In the standard model (SM), all of fundamental 
fermions are divided into two classes, LH chirality state 
and RH chirality state, in order to describe the parity 
violation in weak interactions. The LH chirality state 
is different from the RH chirality state. The former is 



a SU(2)-doublet state whereas the latter a SU(2)-singlet 
state, hence they have different gauge transformations. 
Especially, RH chirality states have zero weak isospin and 
are only present in neutral weak currents. Therefore, only 
LH chirality states exist in charged weak currents. The 
interaction Lagrangians for charged weak lepton current 
and charged weak quark current read, respectively 



where is the coupling constant corresponding to SU(2) 
and the subscript L denotes the LH chirality state. Ob- 
viously, all fermions are in the LH chirality states while 
all antifermions are in the RH chirality states. 

For example, the weak interaction in muon decay is 
successfully described by four-fermion interaction Hamil- 
tonian. We denote the matrix element by 



M ^Y.9:M^l\i^e)n){{V,)m\T. 



(3) 



where 7 = S,V,T indicates a scalar, vector or tensor 
interaction, and e,ii = R,L indicate a right- or left- 
handed chirality of the electron or muon. The chiralities 
n and m of the Ve and are then determined by the 
values of 7, e and /i. All coupling constants have been 
obtained entirely from experiments without any model 
assumption. [^'^1 The experiments on muon decay show 
9lr to be zero, and at least one of the two 
coupling, g^^ or g^^ , to be nonzero. The experiments on 
inverse muon decay provide a lower limit for pure V — A 
interaction with \g]^^\ > 0.960. Thus the measurements 
give a strong support to the SM which sets g^^ = 1 while 
all others being zero, and then indicate that the charged 
weak current is dominated by a coupling to left-handed 
chirality fermions. Therefore, the negative muon decay 
can be written as 
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And the matrix element (3) has the form 



(5) 



III. SPIN STATES, HELICITY STATES AND 
CHIRALITY STATES 



There exist three kinds of spinor wave functions, i.e., 
the spin states, the hehcity states and the chirahty states. 
We will discuss the difference and the relation among 
them. 



A. The spin states 

The spin states are the plane wave solutions of Dirac 
equation, and in momentum representation for a given 
four-momentum p and mass m, the positive energy so- 
lution and the so-called negative energy solution are re- 
spectively 
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where Ep > 0, s — 1,2 and ips are Pauli spin wave 
functions. The state with s = 1 is spin up {a^ ~ 1) 
while the state with s = 2 is spin down (cr^ = — 1). They 
are eigenstates of operator, ^'"^ , with eigenvalues ±1, 
namely 



uj{p) ■ e 



Us{p), {s = 1) 
~Us{p). (s = 2) 



(8) 



Here oj{j)) is the Pauli-Lubanski covariant spin vector and 
e is the four-polarization vector in the form 



P(p-e°) 

m(Er, + m 



p ■ e 



(a = 1,2, 3) 

(a = 4) 



(9) 



which is normalized (e^ = 1), orthogonal to p (e • p = 0). 
In the rest frame e reduces to e° = (e'',0) — (0,0,1,0). 
In application it is frequently necessary to evaluate spin 
sums in the form 



Fi (p) =p+A+ip), P2{p)=p-K+ (p) , 
Ps (p) = p+ A_ (p) , Pi (p) = p_ A_ (p) . 



(10) 



The A+(p) and A_(p) are the positive energy projection 
operator and the negative energy projection operator, 



A+(P) 



~i 'f ■ p + m 
2E„ ' 



A_(p) 



i '-f ■ p + m 

2e: ' 



(11) 



respectively and p± are spin projection operators: 
1. 

p± ^ -(l±i75 7-e). 



(12) 



The plus sign refers to s = 1 and the minus sign to s = 2. 
One sees that the operator Pi{p) project out the positive 
energy states with spin up and P2(j>) the positive en- 
ergy states with spin down, whereas the operator P^ip) 
the negative energy states with spin down and P^ip) the 
negative energy states with spin up in its rest frame. 



B. The helicity states 

A helicity state is the eigenstate of the helicity of 
fermions and satisfies the ordinary Dirac equation!^!. If 
spinor if is taken as the eigenstate of the spin component 
along the direction of its motion. 



cr • p 



(13) 



then the helicity states read 
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and 



, (15) 



where 9 and (j) ^'^^ the polar angles of momentum p in 
polar-coordinates. The state with h = +1 is the RH 
helicity state while the state with h — —1 is the LH 
helicity state. Because a helicity state is also a plane 
wave solutions of Dirac equation, the energy projection 
operator of helicity state is equal to that of spin state, 
namely 



^Uh{p)uh{p) = ^Us{p)Us{p). 

h s=l 

The projection operators of the helicity states are 



Pu 



1± 



P 



\P\ 



(16) 



(17) 



We can see that the helicity state is entirely different 
from the spin state. Both the helicity eigenvalue and 
the projection operator of helicity state are not Lorentz 
invariant, and the latter is essentially a two-component 
operator. From Eqs. ©, Q) and © we can find out that 
a spin state with the same s but different values of h is 
helicity degenerate. So the spin states can not uniquely 
describe the helicity of fermions. On the other hand, 
taking the simplest case oi p : p — Pz, which does not 
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lose the universality of problem, we have the LH helicity 
state u^^ and the RH helicity state w^^, respectively 




(18) 



(19) 



Even so comparing Eq. (|12|l with Eq. (|17|l one can also 
see that the projection operator of spin state is different 
from that of helicity state though the spin and helicity 
state are formally identical when p = Pz- 

Furthermore, we should point out emphatically that 
the helicity and the degree of polarization are two differ- 
ent concepts. The helicity h describes the mutual relation 
between the spin direction of fermions and its momen- 
tum direction. Because helicity changes its sign under 
the space inversion, it is called a pseudoscalar. The de- 
gree of polarization is the length of polarization vector P 
which is the ensemble average of spin vector of fermion 
beam. The polarization vector does not change its sign 
under the space inversion and so is called a pseudovector 
or an axial vector, like angular momentum. The helic- 
ity can only take the value of either 1 or —1 and has no 
meaning in its rest frame. But the degree of polariza- 
tion can take any value between and 1 and the value 
remains constant in different frame. In the spin states 
the polarization of fermions is described by polarization 
vector. It is the discrepancy between the helicity and the 
polarization vector that results in the spin state being 
different from the helicity state. 

The four-polarization vector e is the relativistic gen- 
eralization of three-polarization vector P. It is able to 
prove from Eq. H12I) that the vector e is the ensemble 
average of spin vector cr = —1747^75, i.e.. 



e=(a)= P. 



(20) 



On the other hand, however, we can see out from Eq. @ 
that the property of vector e is different from that of 
pseudovector P. For example, when p = Pz vector e 
reads 



E 

e = — e". 

m 



^0 



(21) 



Differing from vector P, obviously, the direction of vector 
e is always pointing to z axis and its value can be greater 
than one, i.e., |e| > 1. Strictly speaking, only in the rest 
frame can the four-polarization vector e be most unam- 
biguously definedl^l. And the spin projection operators 
p±, which are Lorentz invariant, can only project out the 
states which in its rest frame have spin s = 1 and 2, re- 
spectively. Therefore, the Pauli-Lubanski covariant spin 
vector ijj{p) and the four-polarization vector e, not like 
four-momenta, have no intuitively and definitely physical 
significance in the motion frame. We reach a conclusion 



that the polarization of fermions must be described by 
the helicity states which are closely related to directly 
observable quantity experimentally. 



C. The chirality states 

The chirality states are the eigenstates of chirality op- 
erator 75. The LH chirality state and the RH chirality 
state are defined as, respectively 

^LsiP) =^(1 + 75)W.(P), UnsiP) ==^(1 -75)Ws(p)- 

(22) 

In general, chirality states are different from helicity 
states. Only if m = (for example neutrinos) or i? ^ m 
(in the ultrarelativistic limit) the fermions satisfy Weyl 
equation t"^'^!, the spinor must then be taken to be 
eigenstates of helicity operator h and the polarization is 
always in the direction of motion . In other words, for 
TO = the helicity states, the chirality states and spin 
states are identical, i.e. 



uYhIp) = uY,ip) = ufip) = — 
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V2 1 






(::) 







, (23) 



(24) 



The superscript W refers to it being a solution of Weyl 
equation. 

The helicity states u^^ and in Eqs. ((TH|) and l(T^ 
can be expanded as linear combination of chirality states, 
respectively^^^l 

'^lM ^(l + 75)Wi,Jp) + ^(l-75)w^Jp) 

- ClluI^+ClruI^, (25) 
= CrluI^+CrruI^, (26) 

where vP^^ and vP^^ are chirality states in the rest frame. 



The coefficients Cll, Clr^ Crl and Crr, as given by 
Cll — Crr = 



Crl — Clr — 



(27) 




where f3 is the velocity of the muons. It is obvious from 
Eqs. (|25|) and (|25|l that in a LH helicity state Mj^^(p) the 
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coefficient Cll is the amplitude of LH chirality state 
and the C^fi that of RH chirahty state w° ^ ; while in a RH 
helicity state (p) the Crl that of LH chirality state 
and the Crh that of RH chirality state in its 
rest frame. For LH helicity state the hidden amplitude 
of RH chirality state decreases with the increase of /3 
until Clb. when f3 ^ 1, showing that a high-energy 
fermion can be LH polarized without hidden RH spinning 
instability. For RH helicity state the hidden amplitude 
of LH chirality state decreases with the increase of (3. 
When /3 = 0, the hidden amplitude of LH chirality state 
is equal to that of RH chirality state and one even can 
not discriminate a rest fermion being either LH or RH 
polarizcdl^^l . 



IV. THE LIFETIME OF POLARIZED MUONS 

Now let us consider a /i~ decay process (4) . The lowest 
order decay rate or lifetime r for muon decays, based on 
the perturbation theory of weak interactions, is given by 



(27r) 



d-^q (Pk (Fk' S'^ip ~q~k~k') M\ (30) 



A. The lifetime of unpolarized muons 



as well as the trace theorems we obtain 



M 



^_4GHp-k') (q-k) 



EpEqEkEk' 
Substituting Eq. into Eq. Ip^Hjl . one has 
_i _ 4G2 1 fd^qd^kd^k' . 



(35) 



(27r)5 Ep J Eg Ek Ek' 



S'^{p-q-k-k')T, (36) 



where 



J^={p-k') [q-k). 



(37) 



Obviously decay amplitude T \s a. Lorentz-invariant ma- 
trix element. Therefore we have 

T = T" = {p" ■k'){q-k), p° = (0,0,0, zTO^) (38) 

where J-'^ is J- in the muon rest frame. 

It is easy to see from Eq. (|36|l that the integration to 
the right of E~-^ is Lorentz invariant. Neglecting electron 
mass, the muon lifetime in its rest frame is given by 



192 7r3' 



(39) 



where is muon mass. In an arbitrary frame the muon 
lifetime is given by 



If the muons are unpolarized and if we do not observe 
the polarization of final-state fermions, then the transi- 
tion matrix element, Eq. (jSJ, is given by averaging over 
the muon spin and summing over all final fermion spins: 



2 2 



s,s' ,r.r' — 1 



X [ur{k) 7a (1 + 75) Usip) 



(31) 



where p, q, k and fc' are 4- momenta, while s, s', r and r' 
are spin indices for fi, e, Vp and D^, respectively. For the 
convenience of discussion below, in Eq. (|31|l we set 



2 2 



^=^EE["-(^)^^(1+^5)"^(P)]'' (32) 

s— 1 r— 1 

which is related to the muons. By means of Eqs. H10|l 
and (|12|l . the evaluations of spin sums are reduced to the 
calculation of projection operators: 



Y,Us{p)Mp) - E^''(P) (33) 

2 2 

^«,(p)^J,(p) = ~^P.(p) = -A_(p). (34) 



One sees that the explicit evaluation of spin projection 
operators disappear. Applying Eqs. (|^ . and ifTT)) 



(40) 



We see that the lifetime is proportional to the velocity (3 
of muons as required by special relativity '^^l. So that the 
lifetime is not a Lorentz scalar. 



B. The lifetime of polarized muons expressed by 
the spin states 

For polarized muons the muon spin should not be av- 
eraged. In most literatures and textbooks'^'-'^'^l the po- 
larized states of fermions were usually expressed by the 
spin states Q and {Tj). Instead of Eqs. H33|l and (|34|l . we 
have 

2 

Is=Y.i'^r{khx{l+jMp)]\ (41) 



r=l 



and 



Us{p)us[p) = P,[p) = 2( ^"'^^ ' ^-^ 2E ' 

(42) 

respectively. Substituting Eq. lH^ into (|¥TTl and Eq. jlTl) 
into ^ we obtain 



EpEgEkEk' 



(43) 
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where 

Ts = {v k') {q-k)T "V(e ■ k') {q ■ k) = T T ^e, (44) 

where Te is the decay ampHtude related to the polariza- 
tion vector e: 



J^e = rnfj,{e ■ k') {q ■ k). 



(45) 



Obviously, decay amplitude Tg is also a Lorentz scalar, 
like T. Therefore we have 

= = (P" • k') {q-k)T m^{e" ■ k') {q-k), (46) 

where J-^ is J-s in the muon rest frame. 
In a similar way to Eq. (|36|l . we obtain 



(47) 



{2^fEpJ Eq Ek Ek' 



One easily verifies that the second integration over JFg 
vanishes, i.e., = 0. The first integration is identical 
with Eq. ^ and we obtain 

Ts = T. (48) 

It is also easy to see in the above calculation that the life- 
time in the laboratory frame does not exhibit any lifetime 
asymmetry when the polarization of muons is described 
by spin states. 



C. The lifetime of polarized muons expressed by 
the helicity states 

As mentioned above, however, this method does not 
enable us to discuss the dependence of lifetime on the 
polarization of muons. Because a spin state is helicity 
degenerate, the polarization of muons must be described 
by helicity states. For LH polarized muons, substituting 
the spin states in Eq. 1)41(1 with the helicity states and 
considering Eq. we obtain 

iLh ^ [uh(fc)7A(l +75)Wx,Jp)]^ 
2 

= Y,[ur{k)lx{l+l^)u,Mf ■ (49) 



which depends on muon's helicity. Substituting Eq. 1)501) 
into Eq. we have 

2 

Ilh = (l + /3)5] K(fchA(l + 75)u^]' (51) 

r=l 

Comparing Eq. ()51|l with Eq. H41|) and considering 
Eq. (|46|l we find out the decay amplitude of LH polarized 
muons 

Tlh = (1 + = (1 + /3)^2. (52) 
Then the LH polarized fermion lifetime is given by 

_i 4G2 1 rd\<fikd^k' . 

T = - — — / (p — q — k — k )J-Lh- 

{2nfEj Eg Ek Ek' ^ ' 

(53) 

Similarly, for RH polarized muons we obtain 

iRh = ^ [uh(fc)7A(l-f75)MflJp)]^ 
h 

2 

= {l^P)Y,[Mkhx{l + l5)u'i]' (54) 

and the decay amplitude is 

TRh = {l-(3)T^ = il-P)Ti. (55) 
Then the RH polarized fermion lifetime is given by 



_ 4G2 1 f(fq(Pkd^k'^ 



(27r)5 Ep J Eg Ek Ek' 



S*{p- q-k - k')TBh- 



(56) 

Comparing Eqs. (|^ and (|^ with Eq. respec- 
tively and considering Eqs. ijtTI) . and (|in|l . we find 
the polarized muon lifetime 

^- = TT^' "- = T^- 

It is easy to see that the r^^ is greater than t^^, which 
shows the lifetime asymmetry of left-right handed polar- 
ized fermions. The lifetime asymmetry is expressed by 



lifetime asymmetry 



(i. (58) 



From Eqs. ((JSl, and (jUl) we easily find 

(l+75)w,Jp) = 2v/rT^«o^ - yrT^(l+75)u°, (50) 

where U2 is the spin state in the muon rest frame. One 
can see that the chirality-state projection operator (1 -|- 
75) picks out LH chirality state in a LH helicity state, 
which is factorized into two parts in the second equation, 
one is the spin state and another is a factor ^\ + (3 



When [3 — Q, we find t^,^ = r^^ — r^; when /3 — > 1, we 
find r^^ — !■ cx), t^^ — > <x. In particular, when /3 = i, 
the lifetime of the LH polarized fermions has a minimum 
value Tj^,^ — T„iin — O.TTtq, as shown in Fig. ^ 

It is not difficult to prove that the lifetimes of an- 
timuons /i+ in flight are given by 



1 + 



and 



1-/3 



(59) 
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I ' ^ ' 1 

0.0 0.5 1.0 

Velocity p 

FIG. 1: Lifetime as a function of muon velocity (3. (a) The 
lifetime Tj^f^ of right-handed polarized muons. (b) The lifetime 
Tj^;, of left-handed polarized muons. (c) The lifetime r of 
unpolarized muons. 



V. SUMMARY AND DISCUSSION 

The calculation has established that the lifetime of RH 
polarized muons is different from that of LH polarized 
muons in flight. Under a space reflection the LH helicity 
state Eq. and the RH hehcity state Eq. trans- 
form to each other, therefore the set of equations Eq. H57() 
and Eq. l(5^ are valid all the same, respectively. Further- 
more, this conclusion is also valid for all fermions in the 
decays under weak interactions. It means that the Tj^,^ is 
always smaller than r^^^ for fermions and the r^^ smaller 
than Tj^^ for antifermions in any one of inertial systems in 
which fermions or antifermions are in flight with a same 
speed. The lifetime asymmetry shows a maximum vio- 
lation of parity symmetry. Hence under the condition of 
parity violation the lifetime is neither a four-dimensional 
scalar, nor a scalar under the three-dimensional space 
inversion. 

We emphasize here an important concept that a spin 
state is helicity degenerate and the spin projection op- 
erators p± can only project out the spin states, but can 
not project out the helicity states. The above calculation 
shows that the so-called eigenstate of operator given by 
Eq. (jHl) is by no means a helicity eigenstate (even we had 
chosen p vector along z axis) and this is why the parity 
violation result, Eqs. H57|l and H59() . was overlooked in the 
past for so long a time even one did not perform the spin 
average for muons in the laboratory frame. Therefore, 
the polarized fermions must be expressed by the helicity 



states which are relevant to physical interpretation and 
experimental test. 

If we find out nonzero pseudoscalar of similar (cr • p) 
in a physical process, then parity conservation law is cer- 
tainly violated and Lorentz invariance is also violated 
because (cr • p) is not a Lorentz scalar. In the special 
theory of relativity space coordinates are treated on an 
equal footing with time coordinate. The violation of pure 
space inversion, in some sense, implies a violation to the 
equal status and mutual transformation between space 
and time. And it in turn implies that something might go 
beyond the theory of special relativity^^^'l. The lifetime 
asymmetry is just such an example. It poses a serious 
challenge to beautiful symmetry in physics. 

When the polarization of muons is described by spin 
states, it can be seen from Eq. (|45|l that the factor related 
to polarization reads 

(e- fc') = (e -p) - (e • g) - (e- fc). (60) 

The pseudoscalars e • q and e • k are included in it, which 
reveals the asymmetric distribution of electrons and neu- 
trinos emitted from decaying muons and exhibits par- 
ity nonconservation in the final channels. The property 
(e-p) = ensures the pseudoscalar e p, hehcity operator, 
does not appear in the decay amplitude. Therefore, the 
decay amplitude corresponding to the spin states is in- 
dependent of muon helicity, which is consistent with the 
helicity degeneracy of the spin states. 

Differing from the spin states, however, for massive 
muons LH and RH helicity state may transform to each 
other as observer's velocity paralleling and exceeding the 
muon's one. If, therefore, the decay amplitude corre- 
sponding to the helicity state were a Lorentz scalar, then 
the decay amplitude of LH polarized muons would be 
equal to that of RH one and starting from Eqs. (|52|l . H55|) 
and (|^ . we would obtain J^Lh = = {p ■ k'){q ■ k). 
Obviously, there exists no any pseudoscalars in it, which 
shows that the parity is conserved and is clearly wrong. 
Hence we conclude that the decay amplitude Tlh and 
Trh corresponding to the helicity states must be not 
Lorentz invariant, as shown Eqs. H52|) and H55|) . It is the 
root cause of the lifetime asymmetry. In other words, if 
the polarization is described by the helicity states, then 
the lifetime asymmetry will be inevitable. Of course, the 
average value of decay amplitude, i^iyT^h + ^Rh), is still 
a Lorentz scalar. 

In the before, physicists too believed in the covariant 
form of four spinor which enjoys the invariance under 
the LT and so misunderstood the meaning of so-called 
spin states . Meanwhile, the importance of helicity state 
and its difference from spin state and chiral state were 
often confused or overlooked. Our lesson and experience 
arc just focused on the above crucial point before we are 
able to get rid of the constraint of covariant four spinor 
form. What we eventually realized is to discriminate two 
things: while a physical law like that reflected by the 
Dirac equation is one thing, a phenomenon like a parti- 
cle's velocity, its helicity as well as its decay lifetime is 
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another thing. A law should be invariant under the LT 
, but a phenomenon needs not. Actually, a phenomenon 
may be different in different inertial systems. In short, 
the information is not existing totally in the sense of ob- 
jectiveness, it is created by the subject and object in 
common. 

The measurements on muon decay used to be per- 
formed in its rest frame. It was realized that muons, 
formed by forward decay in flight of pions inside cy- 
clotron, were stopped in a nuclear emulsion, sulphur, 
carbon, calcium or polyethylene target. The polariza- 



tion effects of muon decay were observed using carbon 
stopping target [^^1, in which there is no depolarization 
of the muons. So far the measurement of the lifetime 
of polarized muons in flight has not yet been found in 
literature. Therefore, one actually lacks any direct ex- 
perimental evidence either to support or to refute the 
lifetime asymmetry. We report it here now in the hope 
that it may stimulate and encourage further experimental 
investigations on the question of the lifetime asymmetry 
in muon decays. 
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